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Abstract – It has been numerically found that the particle systems interacting with power-law repulsive force
can show a rigid-body like behavior in one-dimensional setting when the power-law exponent is sufficiently
small [Sekimoto, Phys. Rev. Lett. 104, 124302 (2010)]. Its experimental implementation or theoretical
basis, however, were unknown. We here demonstrate an experimental realization with simple and robust
construction of “particles.” Theoretically, the new concept of rigid-body behavior is based on the transfer
of momentum from the impacting particle to the rigid-body like cluster mediated by an evanescent mode
of displacement without exciting propagating waves. The similarity is evoked to the Mo¨ssbauer’s recoilless
absorption/emission of photons.
Introduction. – A common idea of modelling the rigid-
body will be a group of masses joined together by hard springs.
In one-dimension, it will be a chain of masses linked by hard
harmonic springs. In the limit of large stiffness the internal
sounds will rapidly carry and distribute the momentum among
the masses. If, instead, the chain of masses interacts only
through short-ranged (contact) repulsive forces, we would ex-
pect that the mass at the farthest end will detach when the prop-
agating sound give it an outgoing momentum. Some time ago,
however, we discovered numerically a macroscopic rigid-body
behavior in purely repulsive system under the setup like the
Newton’s cradle, see Fig. 1(a). The particularity was that the
repulsive force obeys the power-law ∝ δα of the ‘overlap of the
displacements,’ δ, with a very small positive exponent α [1].
Fig.1(b) recapitulates a result of one-on-four collision. At that
time, however, neither experimental realization nor the theoret-
ical basis of this phenomenon were known.
The present Letter responds to this enigma both experimen-
tally and theoretically. We experimentally constructed a mech-
anism that mimics the power law δα with α ' +0, which works
quite robustly despite its simplicity (Fig.2). Theoretically, we
found that it is an evanescent mode, i.e. non-propagating
and spatially decaying mode, that distributes the momentum
through the target cluster so that the whole cluster starts to
move as a rigid body. Our model may be the first example of the
evanescent mode in mechanics of particle systems. We will also
discuss the similarity between the present phenomenon and the
quantum Mo¨ssbauer effect [2,3], where the emission of photon
from or absorbed by a nucleus in a crystal does not excite any
propagative phonons as recoil.
Experimental realization of rigid-body behavior. –
Fig.2 (a) shows the architecture of each “particle” : The main
body of each particle is a cylinder, where a pre-compressed
spring is confined in the following manner; we attach a piston
to one end of the spring, and the piston is constrained by the
annular cylinder head. The whole mass of each “particle” was
within the range of 0.396 ± 0.002 kg. By this construction, the
repulsive force between the neighboring particles appears only
when the piston is pushed inwards, which corresponds to δ > 0.
The experimental force function, f (δ), is, therefore,
f (δ) =
{
k(δ + ∆0), δ > 0
0, δ ≤ 0 (1)
where k is the spring constant (k ' 7.7 × 102N/m) and ∆0 is
the pre-compression (∆0 ' 1.77×10−2m 1). The above form of
1 The values of both k and ∆0 are directly measured. That the apparent ∆0
in Fig.2(a) is larger than the value mentioned will be due to the buckling of the
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Fig. 1: (Color on line) (a) An example of numerical setup and result: A
hitting particle (position x0) comes into contact at t = 0 with the target
cluster of particles (positions, x1, . . . , xn, here n = 4), which have been
just in touch for t < 0. (cf. With suitable scaling of space and time the
incoming velocity can be normalized.) (b) Results of direct simulation
of one-on-four collision (n = 4) [1]. The parameters chosen (see (3)
in the text) are mi = f
(0)
i,i+1 = 1 and αi,i+1 = 1/10 for all i. The height of
each curve show the position of a particle, x0, x1, . . . , x4 from bottom
to top, as function of time, t, the horizontal coordinate.
f (δ) resembles the power-law form, f0δα, with α  1.
(a) (b) (c)
Fig. 2: (Color on line) Experimental setup and results. See the main
text for the details. (a) Constitution of each “particle”. (b) Ar-
rangement of a “particle” colliding against the cluster of three “par-
ticles” (90◦ rotated clockwise). The outer length of each “particle” is
12.0±0.1cm. (c) Kymographical images for the one-on-three collision
(Top) and the two-on-two collision (Bottom), respectively. The thick
curves trace the black markers on the side of “particles,” seen in (b).
The horizontal and vertical bars on the corner shows the scales of time
(100ms) and length (12cm), respectively.
We fabricated four “particles” following the above descrip-
tion. On the bed of plastic straws which are laid transversally to
the axe of 1D motion, the three “particles” have been arranged
spring inside the cylinder hole.
just in touch, see Fig.2(b), where the horizontal axis is rotated
clockwise by 90 degrees. Towards this target the hitting “parti-
cle” is straightforwardly launched by hand (a movie is available
in Supplementary Information). Fig.2(c) represent the colli-
sion experiment of a single particle hitting upon a three-particle
cluster as well as that of a two-particle cluster hitting upon the
other two-particle cluster. These images has been reconstructed
based on the movie taken by a high-speed camera (Pixelink,
2052 frames/s). From each image the horizontal slice contain-
ing the thick black marker has been cut out and stuck with the
aid of the software ImageJ. The time advances from left to right
and the vertical axis represents the spatial position. The vertical
dotted line in these figures indicates the instant when the hitting
particle/cluster are released. The vertical bright-dark stripes re-
flect the period of 10ms thanks to the blinking of fluorescent
lamps. The results show well the rigid body-like behavior sim-
ilar to the previous numerical model despite the friction by sub-
strate being present. (The relative deficits in the momentum and
energy upon collision were, respectively, 5-10% and 10-20%,
after the trajectory analysis.) If we remove the movable pistons,
the collision occurs in the known manner of “Newton’s cradle”
about which there are extensive studies both experimentally [4]
and theoretically [5, 6]. We also tested whether our result de-
pends strongly on the flatness of the head of the pistons. On
top of each piston head we attached a small steel ball and we
repeated the experiment similar to Fig.2(c). The rigid-body like
behavior was still observed to a good approximation, see Sup-
plementary Information.
Generalized model and Mode-coupling reduction. – We
generalize the setup of [1] by allowing the inhomogeneity of
the mass of the particles, {m0,m1, . . . ,mn}, and of the force law.
The “overlap” between the i-th and (i+1)-th particles is defined
by the displacement, ui(t) = xi(t) − xi(0), through
δi,i+1 ≡ ui − ui+1, (2)
and we adopt the repulsive force,
fi,i+1(δi,i+1) =
{
f (0)i,i+1δi,i+1
αi,i+1 , δi,i+1 > 0
0, δi,i+1 ≤ 0 , (3)
where both f (0)i,i+1 and αi,i+1 are positive. In case that a single par-
ticle (i = 0) collides with the cluster of n particles (i = 1, . . . , n),
there are (n + 1) equations of motion:
m0u¨0 = − f0,1(δ0,1)
miu¨i = fi−1,i(δi−1,i) − fi,i+1(δi,i+1) (1 ≤ i < n)
mnu¨n = fn−1,n(δn−1,n), (4)
with δ1,2(0) = . . . = δn−1,n(0) = 0 and u˙0(0) > 0. With a variety
of values for the positive parameters f (0)i,i+1 and αi,i+1 we have
numerically verified the rigid-body like behavior as long as all
the exponents, {αi,i+1}, are sufficiently small 2.
Next we reduce these equations into the mode-coupling
equations that governs the rigid-body like behavior. The first
2As noted before [1], the initial velocity of the hitting particle, v0 = u˙0(0),
can be chosen arbitrarily for the uniform system (mi = m, fi,i+1 = f0,1 and
αi,i+1 = α0,1) because it is rescaled by changing the unit of time.
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variable is evidently the relative displacement between the hit-
ting particle (i = 0) and its target particle (i = 1):
Φ ≡ δ0,1(= u0 − u1). (5)
In the limit of the rigid-body behavior, the displacements,
{u1, . . . , un}, should obey u1 = . . . = un. Then Φ represents
the center-of-mass displacement of the target cluster relative to
the hitting particle apart from an additive constant.
The second variable was found by the following observation:
Although the relative displacements inside the target cluster,
{δi,i+1} (i = 1, . . . , n − 1) are extremely small for small expo-
nents, {αi,i+1}, the inter-particle repulsive forces, { fi,i+1}, should
remain finite because, if the cluster set into a rigid-body like
motion, the momentum should be injected into each particle at
the rates (i.e., the forces) satisfying the following relation,
fi,i+1 =
mi+1 + . . . + mn
m2 + . . . + mn
f1,2 (i = 1, . . . , n − 1). (6)
By substituting the force-overlap relations (3) into this asymp-
totic relationship (6), we have the representation,
δi,i+1 =
 (mi+1 + . . .mn) f (0)1,2(m2 + . . .mn) f (0)i,i+1

1
αi,i+1
ψ
α1,2
αi,i+1 (7)
for ψ > 0, where
ψ ≡ δ1,2 (= u1 − u2). (8)
Eq. (7) implies that the mode ψ is non-propagating and surface
localized, that is, evanescent mode that decays steeply with the
“depth”, i. For example, if mi = f
(0)
i,i+1 = 1 and αi,i+1 = α
for all i inside the target cluster, then (7) reads δi,i+1 = [(n −
i)/(n−1)]1/αψ, which can be well approximated by e−(i−1)/(nα)ψ
if nα  1. These two modes, i.e., the center-of-mass mode, Φ,
and the evanescent mode, ψ, will constitute the mode-coupling
system. Substituting (5) and (7) into the Newtonian equations
(4), we have
Φ¨ = −
(
1
m0
+
1
m1
)
f0,1(Φ) +
1
m1
f1,2(ψ)
ψ¨ =
1
m1
f0,1(Φ) −
(
1
m1
+
1
m2 + . . . + mn
)
f1,2(ψ) (9)
together with (mi+1 + . . .mn) f (0)1,2(m2 + . . .mn) f (0)i,i+1

1
αi,i+1 d2
dt2
(
ψ(t)
α1,2
αi,i+1
)
= 0 (2 ≤ i < n).
(10)
The logic we adopt is that the mode-coupling equations (9)
represent the core of the rigid-body like motion if (10) holds
approximately for small exponents, {αi,i+1}. In fact it works
surprisingly well: For example, in the case of n = 4, mi =
f (0)i,i+1 = v0 = 1 and αi,i+1 = 1/10 for all i, the prefactor on
the left hand side of (10) is [(4 − i)/(4 − 1)]10 ≤ 0.02, while
we find that d2ψ/dt2 = O(1) by solving (9)3. Fig.3(a) shows
3If mi = f
(0)
i,i+1 = 1 and αi,i+1 = α for all i, the mode-coupling equation
reads Φ¨ = −2Φα + ψα, ψ¨ = Φα − [n/(n − 1)]φα and [(n − i)/(n − 1)]1/αψ¨ = 0
(2 ≤ i < n).
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Fig. 3: (Color on line) Results of the mode-coupling theory and the
comparison with the direct simulation for n = 4, mi = f
(0)
i,i+1 = v0 = 1
and αi,i+1 = 1/10 for all i. (a) Evolution of the center-of-mass mode
Φ(t) (blue, large variation) and the intra-cluster evanescent mode ψ(t)
(red, small variation). (b) Inter-particle forces, f0,1, f1,2, f2,3, f3,4 from
top to bottom, as function of time, t, calculated directly by the Newto-
nian equations (4) (thin solid curves) and those predicted by the mode-
coupling theory (9) and (7) (thick dashed curves). If we reduce the ex-
ponent α towards zero, the flows of momentum, { fi,i+1}, remain finite
while the amplitude of ψ(t) is reduced towards zero.
the solution of (9) as function of time. In Fig.3(b) we compare
the inter-particle forces fi,i+1 (i = 0, 1, 2, 3) calculated through
Eq.(7) with those obtained directly by the full numerical simu-
lation of the Newtonian equations, (4). The reproduction by the
mode-coupling reduction is quite satisfactory. The evanescent
mode bears the energy only transiently because the intra-cluster
forces { fi,i+1} (i = 1, 2, 3) return to zero at the end of the colli-
sion, as seen in Fig.3(b). More detailed analysis of (9) in the
case of mi = v0 = f
(0)
i,i+1 = 1 and αi,i+1 = α for all i shows
that in the limit of nα → +0, (i) Eq.(10) approaches the trivial
equality, 0 = 0, thus validating the mode-coupling equations
(9), (ii) the maximum amplitude of ψ decreases as ∼ e−1/(nα),
(iii) the duration of contact between the hitting particle and the
target cluster decreases as ∼ e−1/(2nα)/√α, (iv) the delay time
by which ψ(t) returns to zero relative to that for Φ(t) vanishes.
The role of the hitting particle and that of the target clus-
ter are exchangeable by virtue of the Galilee invariance. Then
the generalization to the cluster-cluster collision is evident; we
only have to introduce another evanescent mode, say ψ, for
the hitting cluster. Generalization of the simulation model to
the case with “steel ball” (see the end of experimental section
above) is not yet achieved because it involves very singular nu-
merics of functional inversion.
Discussion. – Experimentally, we could produce the rigid-
body like behavior in the system of mass elements interacting
through purely repulsive forces. A future prospect is to ac-
cess the real “evanescent profile” that would replace (7) for the
specific model. This is a hard challenge because simple force
detectors would alter the very mechanical property of interac-
tion, which is the core of our study. Very recently we came
to notice that the architecture with preloaded springs, similar
to Fig.2(a), had been used in the junction of the railway trains,
the device called draft gear [7]. For the purpose of attenuat-
ing the mechanical shocks between the wagons the draft gears
were often combined with frictional elements and, in any case
to the authors’ knowledge no mention has been made about the
p-3
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collective effects.
Theoretically, we found through the mode-coupling reduc-
tion the evanescent mode that underlie the rigid-body like be-
havior of purely repulsive system. We should stress that the
simple inequalities αi,i+1 < 1 for i = 1, . . . , n are not sufficient
for the emergence of the evanescent mode but n×max(αi,i+1) 
1 is required. This may be the reason that the numerical study
[8], which was done after [1], showed no rigid-body like be-
havior. The non-propagating nature of the evanescent mode
allows vast heterogeneity among the constituent particles as
well as the particle-particle interactions. Such a robustness is
in marked contrast to the usual “Newton’s cradle” type, where
the propagating pulses are scattered by the inhomogeneity [9].
The evanescent mode also appears in situations other than the
collisional setup: If in (4) we replace f0,1(δ0,1) by a constant
pushing force for t > 0, a time-periodic evanescent mode ap-
pears in the cluster on top of the uniform acceleration of the
center of mass.
Our mode-coupling reduction shows a hierarchy of dynam-
ics: On the one hand the evanescent mode describes the de-
tails of the evolution of { fi,i+1}, which would usually be treated
as Lagrange multipliers by taking the limit αi,i+1 → 0+
before solving the motion. On the other hand the evanes-
cent mode is the slow mode which is virtually decoupled
from the other fast modes. We might interpret the prefac-
tor
{
[(mi+1 + . . .mn) f
(0)
1,2 ]/[(m2 + . . .mn) f
(0)
i,i+1]
}1/αi,i+1
in (10), or
[(n − i)/(n − 1)]1/α ' e−(nα)−1 in the homogeneous case, as the
square of the representative fast time-scale. We will come back
to this point in the context of Nekhoroshev theorem [10].
We like to remark the similarity between our finding of rigid-
body like motion and the quantum Mo¨ssbauer effects [2,3], the
phenomenon of the resonant emission or absorption of a photon
by a metal nucleus bound in a crystal lattice without emitting
phonon as recoil. (Hypothetical combination of recoilless ab-
sorption and recoilless emission of γ-photon correspond to the
rigid-body like scattering of the hitting “particle” in our case.)
When no phonon is excited, only the center-of-mass mode of
the solid trades the energy with the photon. Apparently the sit-
uation is very close to our rigid-body dynamics although the
evanescent mode ψ does not appear in the formalism of the
quantum counterpart [11]. In the latter case it is the energy gap
of the phonon excitations levels that enables the recoilless event
to occur.
A natural question is, therefore, what plays the role of the
quantum energy gap in our non-quantum system. Our tenta-
tive answer is as follows: For the exponent αi,i+1 less than unity
the differential stiffness of the force, fi,i+1(δi,i+1), diverges in
the limit of small overlap, δi,i+1 → +0, which corresponds to
a diverging oscillatory frequency. In such circumstance the so-
called Nekhoroshev theorem [10] may apply. In our qualita-
tive understanding, the theorem tells that, when a mode is char-
acterized by the timescale which is largely different from the
timescale of the other modes, typically by a ratio −1( 1), then
the time necessary for the former mode to interfere with the
latter modes through the nonlinear coupling is singularly large,
like exp(a −b), where a and b are positive constants. When a
collision occurs with relatively short duration, the slow mode
(here the evanescent one) practically does not excite any fast
propagating modes.
In more general context, we would like to proclaim the use-
fulness of the concept of the momentum flow. This notion al-
lowed to understand the essential physics of the adiabatic piston
[12] and of the Irving-Kirkwood stress formula, the formula
which should be valid even for non-equilibrium and complex
systems [13]. In the present work the evanescent mode was
discovered by the analysis of the momentum flow. Exploitation
of the evanescent mechanics in more than one-dimensional sys-
tems, where intervenes the coupling between linear and angu-
lar momenta [13,14], is a problem for future study. Apart from
physics the flow of momentum may also be a useful notion for
practicing sports and playing musical instruments whenever the
mechanical contacts are involved. In those domains the mo-
mentum flow capturing could be at least as useful as the motion
capturing.
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